Intro to Tensor
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What exactly can tensor do?

What is tensor
Notations and Preliminaries, e.g. multiplication
Tensor decomposition, e.g. CP, Tucker

Two applications of tensor decomposition



VWhat Is tensor

Tensor is a multidimensional array.
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Matrix vs Tensor

Why do we need tensor / What can tensor do?

Matrix models relationship between two things; sometimes o
ur objects are more than two things and they are entangl
ed together.



Notations

The order of tensor is the number of dimensions/ways/mc

The ith entry of a vector a is denoted by a;, element (z,7) of a matrix A is
denoted by a;j, and element (i,7,k) of a third-order tensor X is denoted by ;.
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Fibers and slices
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(a) Mode-1 (column) fibers: x._;;

V

'\”\"\'\'\'\"\

(a) Horizontal slices: X;..
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(b) Mode-2 (row) fibers: x; .,
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(b) Lateral slices: X ;.
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(c) Frontal slices: X..x (or Xy)



Preliminaries

1. Outer product of N vectors

X=abPoa®o...0alV)

_ (1) _(2) (N . p
Liyigeiy = Qg ;" =+ Gy for all 1 <1, <1,

2. Such x iIs called rank one tensor




Preliminaries

1.Matricization: transfer tensor into matrix

Mode-n matricization of tensor X is donated by X, and
arranges the mode-n fibers to be columns of the resulting
matrix.

Tensor element (i1,42,...,7x5) maps to matrix element (i,,7), where

N k—1
J=1+ Z(Lk —1)Jx with Ji = H L.
o i
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Tensor Multiplication

Matrix
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Tensor multiplication is very similar to that of matrix



Tensor Mode-n Multiplication

v

The n-mode (matriz) product of a tensor X € RI1>*12X*In with a matrix U €
R7*!n is denoted by X x,, U and is of size I} X --- X In_1 X J X Inpq X -+ x Iy.
Elementwise, we have
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The n-mode (vector) product of a tensor X € Rt *12%%IN with a vector v € R!»
is denoted by X x,, v. The result is of order N — 1, i.e., the size is [ x --- x [,,_1 X
I,i1 % -+ x Iy. Elementwise,
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Tensor Mode-n Multiplication

Yy=Xx%x,U <« Y(n) = UX(n)

XXmAx, B=Xx,Bx,,A (m#n)
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Tensor Decomposition

CP

Tucker



CP Decomposition

CP decomposition: express a tensor as the sum of finite nui

R
X ~ E a.ob,oc,
r=1
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Tensor Rank

rank(X ): the smallest number of rank-one tensors
that generate X

R
minimize X = E a, ob,oc,
R 1
T =

Rank decomposition: exact CP
decomposition with R = rank(X) components
Is called the rank decomposition



Compute CP

Rank decomposition is NP hard but unique.

Assuming the number of components is fixed, there are many
algorithms to compute a CP decomposition, such as ALS.

Let X € RIX/*K he a third-order tensor. The goal is to compute a CP decom-
position with R components that best approximates X, i.e.. to find

R
(3.7) min |[|X - X|| with X=) X a,ob,oc, =[X;A,B,C].
s »
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CP Computing — ALS

R
min || X — i’H with X = Z Ara.ob,oc, =[A;A,B,C].
X r=1

- The ALS approach fixes B and C to solve for A, then fixes Aand C to
solve for B, then fixes A and B to solve for C, and continues to repeat
the entire procedure until some convergence criterion is satisfied.

procedure CP-ALS(X,R)

initialize A e RInXR forn =1.....1 N
repeat
forn=1,..., Ndo

V « A(‘UT,A{” e ek A(n l,)TA(n 1) x A(n { l}TAlin 1) o oo A(NJTA{‘\'}
A{ujl % X(u]{A{ N) Qi) A[u 1) 0 A{n 1) @) @) A“})Vi'

normalize columns of A'"/ (storing norms as )

end for
until fit ceases to improve or maximum iterations exhausted
A o
return X\, A1) A2 A(N)

end procedure



Tucker Decomposition
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A, B and C are columnwise orthonormal (in most cases).

P Q R
X~Gx,Ax,B x;;C:y:y:y:gpq,. a,ob,oc,=[5:A.B.C]|

p=1g=1r=1

P Q@ R
Tijk = y: S: y: Opgr GipbigCry for i=1,..., fs =1 I, k=1..... K.

p=1g=1r=1




Tucker Computing

X~Gx;Ax,Bx53C

HOSVD method: The basic idea is to find those components that
best capture the variation in mode n, independent of the other
modes.

procedure HOSVD(X,R1.Ra2,...,Ry)
forn=1,..., N do
A" « R, leading left singular vectors of X,,,
end for | | o
G — X X1 AlLT X 5 ACBYE g N AN)T
return S.A{”,A("Z} ..... AN
end procedure



Tucker Computing

min X-[G;AN AP AN
G,AM . A() i

subject to G € RF1xHa2x-xhn

A e RIn*En and columnwise orthogonal forn =1,..., N

procedure HOOI(X.R;,R>....,RxN)
initialize A" € RInXR for n = 1,..., N using HOSVD
repeat

forn=1,..., N do | |
Y — X x4 A(I}T SRS 3 A{n )T X e 1 A(n{ L) .. X N A{N)T
A" «— R, leading left singular vectors of Y ()
end for
until fit ceases to improve or maximum iterations exhausted
G — X X1 A(l}T X2 AT o XN AN)T
return G, A“),A("}, T AN)
end procedure



One CP Example

- Extract and detect meaningful discussions from Enron email

. term-author-month array x

x ~ Z/\[(A[ O B[ OC‘[)
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Brett W. Bader et. al, Discussion Tracking in Enron Email Using PARAFAC



One Tucker Example

- Suppose we have a dataset. Each picture contains: people with
different poses and expressions under different illuminations.

. Construct people-view-illumimation-expression-pixels tensor
+ D 1s28 x5 x3 x 3 x 7943

D — Z X 1 Upcoplc X2 U\-’icws X3 Uillums X-l chprcs X5 Upi.\;cls

where the 28 x 5 x 3 X 3 X 7943 core tensor Z governs the interaction between the
factors represented in the 5 mode matrices: The 28 x 28 mode matrix U . spans the
space of people parameters, the 5 X 5 mode matrix U,,,, spans the space of viewpoint
parameters, the 3 X 3 mode matrix U,,,. spans the space of illumination parameters and
the 3 x 3 mode matrix U,,,.. spans the space of expression parameters. The 7943 x 7943
mode matrix U . orthonormally spans the space of images.

M. Alex O. Vasilescu and Demetri Terzopoulos, Multilinear Analysis of Image Ensembles: TensorFaces (ECCV 02)



Supplemental Materials

M. Alex O. Vasilescu (http://alumni.media.mit.edu/~maov/rese
arch _index.html)




